The precise determination of critical point is the basis to extract various critical properties of phase transitions. We identify that for two-dimensional inversion asymmetric insulators, with and without time-reversal symmetry, when topological phase transitions take place, all nonvanishing components of band-edge shift current tensor will reverse their signs in a singular way, regardless of what realistic value the temperature takes. This remarkable sign-reversal behavior of band-edge shift current tensor thus can be applied to determine the critical points of various topological phase transitions precisely, even for temperature-driven ones. We suggest concrete materials to test our predictions.
Since the first successful exfoliation of graphene [1] , the family of two-dimensional (2D) materials has grown extremely fast over the last decade, ranging from insulators, metals to superconductors [2] [3] [4] . Owing to their atomically thin structures, 2D materials have demonstrated various novel phases, as well as fascinating electronic, optical and mechanical properties that do not exist in their bulk counterparts [4] [5] [6] [7] [8] . Another remarkable common feature of 2D materials is that their atomically thin structures also provide exceptional flexibility to tailor their bulk properties [9] [10] [11] [12] [13] , suggesting that 2D materials are ideally suited for an in-depth investigation of various competing phases, as well as their transitions and critical properties [14, 15] . The emerged 2D materials also open up a new door for topological phases and related physics [16] [17] [18] . The most notable example is the demonstration of a quantum spin Hall insulating phase in graphene with intrinsic spin-orbit coupling [19, 20] . This conceptional breakthrough reveals that seemingly featureless band insulators actually have very rich physics and need to be further classified according to their underlying band topology [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] The existence of distinct topological phases in insulators raises a natural question: what kind of new critical properties may emerge at the critical points of continuous topological phase transitions (TPTs) between distinct insulating phases. While the critical properties of TPTs have been actively studied in theory [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] , thus far they have been largely unexplored in experiments, mainly owing to the lack of experimental methods that are able to determine the critical points of TPTs precisely. As is known, the critical points of conventional continuous phase transitions can simply be determined in experiments by the observation of singular behavior in physical quantities. For TPTs, as the name suggests, the most dramatic change are topological invariants, which, however, are not physical observables. Generally, the topological invariant of an insulating phase is revealed by measurements of quantized linear-response transport coefficients [44] [45] [46] [47] , however, owing to finite temperature effect and various scattering effects, the quantization of linear-response transport coefficients breaks down when the system gets closed to the critical point at which the band gap vanishes, indicating the absence of any singular signature in these observables at the critical point [48] .
In this work, we show that a measurement of shift current (a nonlinear optical effect [49] [50] [51] ) can determine the critical points of TPTs in 2D inversion asymmetric insulators precisely, owing to that the band-edge shift current tensor will display a singular sign-reversal behavior across the critical points. As is known, only two of the ten symmetry classes, class AII (with time-reversal symmetry (TRS)) and class A (without TRS), can host topological insulating phases in 2D [26, 27] .The former is classified by a Z 2 number, while the latter is classified by an integer, the Chern number [26, 27] . Remarkably, we demonstrate compactly that in the absence of inversion symmetry (a prerequisite for the presence of shift current [49] [50] [51] ), all nonvanishing components of band-edge shift current tensor will reverse their signs in a singular way across the TPTs allowed by these two symmetry classes, regardless of what realistic value the temperature takes, indicating the wide applicability of this approach in 2D. Noteworthily, while in the absence of inversion symmetry certain component of shift current tensor was also found to reverse its sign when a normal insulator is transited to a topological insulator in 3D [52] , the transition itself is in general indirect owing to the existence of an intermediate gapless phase [53, 54] .
General theory.-Near the critical point of a continuous TPT, the relevant physics are faithfully described by the lowenergy Hamiltonian around the band edge with the smallest energy gap. For generality, we consider the low-energy Hamiltonian takes the from H = q;α ⊕Ψ † α;q H α (q)Ψ α;q with Ψ α = (c α;q;1 , ..., c α;q;n )
T an n-component spinor, α labeling the α-th band edge, and q = (q x , q y ) the momentum relative to the band edge. Different H α (q) are related by symmetry, so that they are degenerate in energy and their energy gaps get closed and reopened at the same time.
For 2D inversion asymmetric insulators without TRS, the low-energy Hamiltonian is in general a rank-2 matrix. The presence of TRS in general requires it to be a rank-4 matrix, but if spin conserves, it can be reduced as the direct sum of two rank-2 matrices. For simplicity, we first confine ourselves to the spin conserving case if TRS is respected and address the spin non-conserving case later. Then to second order in momentum, the general form of
τ = (τ x , τ y , τ z ) the Pauli matrices, and I the rank-2 unit matrix. We will set ǫ α (q) = 0 below, since it is irrelevant to the physics we will discuss. The parameters {∆ α;x,y , m α , v α;x,y , λ α;x,y , A α;ij , B α;ij , C α;ij } are all momentum-independent, and X ij q i q j with X = {A, B, C} is a shorthand notation of X xx q 2 x + X yy q 2 y + X xy q x q y . To ensure that the Hamiltonian correctly describes the band edge, all linear momentum terms in the energy spectra (E
α;z ) must vanish, which puts the following two constraints on the above parameters,
Topological properties of H α (q) are characterized by the Chern number [55] (note if TRS is preserved, H α has a TRS partner with opposite Chern number, and the total Hamiltonian H is characterized by a Z 2 number). Neglect all quadratic momentum terms in H α (q), a short calculation reveals that the Chern number C α = 1 2 sgn(v α;x v α;y m α ), indicating that H α (q) will undergo a TPT when the mass term m α changes sign. As in general the coefficients of the terms containing momentum will keep their signs when m α is varied across the critical point, the constraints in Eq.(2) indicate that as long as ∆ α;x and ∆ α;y do not identically equal zero (∆ α ≡ 0 implies λ α ≡ 0), they will change their signs with m α at the same time.
Let us now investigate the shift current, which is a secondorder optical effect with the induced direct current proportional to the square of optical field [49] [50] [51] [56] [57] [58] [59] [60] [61] [62] [63] [64] 
, where σ abb represents the shift current tensor, and E b denotes the optical field. For the two-band Hamiltonian H α (q), the shift current tensor is simply determined by the following formula [51, 56, 65] 
where a, b = {x, y}, f 
the Berry curvature of the valence band [55] . Because Ω α;ab vanishes identically when a = b, it is readily seen that F 
As ∆ α;x , ∆ α;y and m α change their signs simultaneously, it is readily seen that all components of F abb(0) 1α will reverse their signs across the critical point.
Applying the formula in Eq.(3), we find that for optical frequency close to the band gap (µ = 0 in this work),
wherev α = v 2 α;x v 2 α;y + λ 2 α;x v 2 α;y + v 2 α;x λ 2 α;y , and Θ(x) is the Heviside step function. For the convenience of discussion, we name σ abb α (ω) with ω = E g;α band-edge shift current tensor. Two remarkable features of the band-edge shift current tensor can immediately be read from Eq. matter what realistic value the temperature takes, all nonvanishing components will reverse their signs across the TPT; (ii) All nonvanishing components have a discontinuous jump across the TPT, with the discontinuous jump inversely proportional to the temperature, and going divergent in the zerotemperature limit. Apparently, the singular sign-reversal behavior of band-edge shift current tensor can be easily detected in experiments, thus it can be applied as a sensitive approach to determine the critical points of TPTs, even for the class of TPTs driven by temperature [66] [67] [68] [69] [70] . Noteworthily, although here H α (q) only describes TPTs with Chern number jump |∆C α | = 1, the singular sign-reversal behavior also appears for more unusual ones with |∆C α | ≥ 2 as nonvanishing bandedge shift current tensor must be proportional to the zeroth or- der momentum terms in the low-energy Hamiltonian, which, as we have analyzed above, will change their signs across the TPT. Therefore, in the absence of inversion symmetry, the singular sign-reversal behavior is expected to hold for various TPTs allowed by class A in 2D.
As H α (q) may have symmetry-related partners, let us analyze the effects of the allowed symmetries to the shift current tensor. In this work, for spatial symmetries, we confine ourselves to the symmorphic ones for simplicity and leave the more complicated nonsymmorphic symmetries for future study. Clearly, in 2D the absence of inversion symmetry directly rules out the C 2 , C 4 and C 6 rotation symmetry, as well as the existence of two mirror symmetries with respect to two orthogonal mirror planes. Therefore, 2D inversion asymmetric insulators can at most simultaneously have C 3 rotation symmetry, TRS and certain mirror symmetries whose mirror planes are not orthogonal. Clearly, shift current tensors from the band edges related by C 3 rotation symmetry have to be equal. Further analysis according to Eqs.(1) and (3) reveals that shift current tensors from the band edges related by TRS are equal, but are opposite for mirror symmetry. Since the effect of TRS is a doubling of shift current tensors, it becomes clear that the singular sign-reversal behavior of bandedge shift current tensor also holds for TPTs allowed by class AII in 2D.
Concrete model.-In the following we take the Kane-Mele model as a concrete example to demonstrate the above general analysis. A schematic diagram of the system is presented in Fig.1 . The Hamiltonian reads [19, 20] 
in which the three terms in sequence refer to the nearestneighbour hopping, spin-orbit coupling and stagger potential (ξ i = 1(−1) if i ∈ A(B) sublattices) on a honeycomb lattice, respectively. The spin-orbit coupling is related to the secondnearest-neighbour hopping, and when the hopping trajectory is anticlockwise (clockwise), v ij = 1(−1). The presence of stagger potential breaks the crucial inversion symmetry.
In momentum space,
where τ i with i = {x, y, z} are Pauli matrices acting on the sublattice space, and s z is a Pauli matrix acting on the spin space. For brevity of notation, below we set the lattice constant a = 1 unless otherwise specified. It is easy to check that a 2π/3 rotation of the momentum,
, leaves the Hamiltonian intact, indicating the existence of C 3 rotation symmetry. The Hamiltonian is also invariant under time-reversal operation and mirror reflection about the k x = 0 plane, i.e., T H(
, with the time-reversal operator T = is y K (K the complex conjugate operator) and the mirror reflection operator M = s x .
The Kane-Mele model belongs to class AII and is well-known to host two topologically distinct phases (Z 2 classification) [19, 20] . For |λ v | < | √ 3λ so |, the model describes a quantum spin Hall insulator (or say topological insulator) with helical gapless modes on the boundary, while for |λ v | > | √ 3λ so |, it describes a normal insulator without gapless boundary modes. |λ v | = | √ 3λ so | is the critical point at which the band gap is closed and TPT takes place.
As in this work the band-edge shift current tensor is of central interest, below we also focus on the low-energy Hamiltonian around the band edge at first. The band edges of this model are located at the two valleys K = (−4π/3 √ 3, 0) and K ′ = (4π/3 √ 3, 0). A short calculation reveals that the low-energy Hamiltonian is given by H = χ,s;q ⊕Ψ † χ,s;q H χ,s (q)Ψ χ,s;q , where Ψ χ,s;q = (c A,qs , c B,qs )
T and
where 
where η χ,s = 1+2 √ 3λ so m χ,s χs/t 2 is a dimensionless quantity. We have restored the lattice constant based on dimensional analysis. Once λ v = 0, σ yyy = χ,s σ yyy χ,s and σ yxx = χ,s σ yxx χ,s will take a finite value for optical frequency above the band gap. For the general case with finite λ so and λ v , the Dirac mass m χ,s will have two different values, and only the two contributions related to the smaller Dirac mass are relevant to band edges. For the convenience of discussion, below we consider both λ so and λ v are positive, then the smaller Dirac mass takes the value λ v − 3 √ 3λ so . For frequency exactly matching the band gap, it is straightforward to find
where m = λ v − 3 √ 3λ so , and η = 1 + 2 √ 3λ so m/t 2 . Results clearly demonstrate that the band-edge shift current tensors, so too the band-edge shift current, will reverse their signs in a singular way across the TPT. It is noteworthy that if only one spin degree of freedom is considered, the Kane-Mele model reduces to the Haldane model (belongs to class A) in which TRS is absent and the TPTs are between a quantum anomalous Hall insulator (or say Chern insulator) with Chern number |C| = 1 and a normal insulator with C = 0 [71] . Apparently, the singular sign-reversal behavior of band-edge shift current tensor holds for the TPTs of the Haldane model.
Before ending this section, let us give further discussions on the shift current of this concrete model. As only σ yyy and σ yxx take nonzero values when the optical frequency is above the band gap, the shift current will be generated along the y direction when a beam of linearly polarized light is incident perpendicular to the system, as illustrated in Fig.1 . Furthermore, as σ yyy ≃ −σ yxx , the sign difference provides a knob to tune the strength and direction of the shift current through the polarization of the light, potentially allowing novel applications in optoelectronics. Interestingly, when the polarization is bound in the x direction, the shift current is purely a nonlinear Hall current, i.e., the current flows in the direction perpendicular to the optical field. As is originated from interband processes, this nonlinear Hall effect is distinct from the one induced by Berry curvature dipole [72] [73] [74] which is an intraband effect.
For completeness, Fig.2 presents the shift current tensor of the full Hamiltonian (7). As we found that σ yyy ≃ −σ yxx holds even for frequency much larger than the band gap, here only σ yyy is presented. The result clearly demonstrates the sign-reversal behavior of band-edge shift current tensor across the TPT. Furthermore, we also verified numerically that the introduction of Rashba spin-orbit coupling to the Kane-Mele model, which keeps the TRS but breaks the spin conservation, does not change the sign-reversal behavior[65], indicating that this remarkable behavior holds no matter whether the spin conserves or not. Experimental considerations and conclusions.-Though the relevance to many 2D inversion asymmetric materials [16] [17] [18] , here we suggest two classes of materials to test our predictions. The first class of materials are monolayer group-IV elements, including silicene [75, 76] , germanene [75, 76] , stanene [77] , and their alloys, whose underlying topological properties are described by the very Kane-Mele model. Owing to their buckled structures, their band gaps can be continuously tuned by gate voltage [12, 13, 78] or strain [79] , thus continuous TPTs in this class of materials can be achieved. The second class of materials are structural inversion asymmetric quantum wells. Noteworthily, it has been experimentally confirmed that for sufficient thickness, the AlSb/InAs/GaSb/AlSb quantum well is a small gap topological insulator [80] . For this quantum well, TPT can also be continuously tuned by gate voltage [81] , thus our proposal can immediately be tested.
The shift current can be detected by short-circuit current measurements [50, 82, 83] . While tracking the evolution of band-edge shift current tensor across TPTs can irrefutably determine the critical points, in experiments it is more practical to keep the frequency of optical field fixed at a sufficiently small value, and detect the sign-reversal behavior of shift current only. As an estimation, we consider the frequencȳ hω = 1 meV, the field strength E = 10 5 V/m, the temperature T = 10K, the lattice constant a = 4Å, and a change of Dirac mass from m = 0.01 meV to −0.01 meV, then according to Eq.(9), it is readily found that the shift current will change from J ∼ 0.1 A/cm to −0.1 A/cm. Such a notable sign-reversal behavior can be easily detected in experiments.
In conclusion, we have demonstrated that for 2D inversion asymmetric insulators, with and without TRS, a measurement of shift current can determine the critical points of various TPTs precisely, even for temperature-driven ones [66] [67] [68] [69] [70] , hopefully paving the way for future research on 2D TPTs. This work may also stimulate studies of other nonlinear effects across TPTs, as well as further exploration of the effects of interaction and disorder to such nonlinear effects. This supplemental material contains three parts: (I) The derivation of Eq.(3) in the main text; (III) Some details of the calculation of shift current tensor, and a comparison between the results from the full Hamiltonian and those from the lowenergy continuum Hamiltonian; (III) Demonstration of the sign-reversal behavior of band-edge shift current tensor for spin nonconserving case.
I. THE DERIVATION OF EQ.(3) IN THE MAIN TEXT
The shift current is a second-order optical effect with the induced direct current proportional to the square of the optical field, i.e., J a = σ abc (ω)E b (ω)E c (−ω). For linearly polarized light and in the independent particle approximation, the shift current tensor σ abc is given by [51] σ abb (ω) = 2πe
where r a αβ = i u α |∂ a u β (∂ a is a shorthand notation of ∂ ∂ka ) with α = β is the interband Berry connection;
the Fermi-Dirac distribution function, where µ is the chemical potential, T is the temperature, and k B is the Boltzmann constant; E βα = E β (k) − E α (k) represents the energy difference between two bands labeled by α and β at momentum k; R Let us focus on the two-band case. For a two-band Hamiltonian, it can always be expressed in terms of the Pauli matrices as
where
Pauli matrices, and I is the rank-2 unit matrix. Correspondingly, the energy spectra read
and the eigenvectors take the form
(for brevity of notation, in this section we no longer write down the k-dependence explicitly). According to the eigenvectors, the interband and intraband Berry connections are given by
Thus, |r
, and the shift vector is given by
By using the expression of θ k and φ k , a straightforward calculation reveals
It is readily seen that |r
Meanwhile, the shift current tensor is a physical quantity, such a cyclic change will also not affect its result. By using this cyclic property, it is straightforward to find
Thus, the shift current tensor is given by
It is noteworthy that here the "cyclic change" means that the nominator and denominator of [sin
a simultaneous cyclic change, like that in Eq.(S8). The integrand in the bracket can be rewritten in terms of the three components of the d-vector. According to the expressions of θ k and φ k , it is readily found
We first consider the terms with second derivative, which give
It is apparent that such a form is invariant under the cyclic change. Thus, the contribution of this part to the shift current tensor is
For the remaining parts, by using the cyclic change of d-vector and doing some lengthy but straightforward calculations, we find the result is
3 is the Berry curvature of the valence band. The contribution of this part to the shift current tensor is
The summation of σ 
II. SHIFT CURRENT TENSOR OF THE LOW-ENERGY CONTINUUM HAMILTONIAN
In momentum space, the Kane-Mele model is given by
where τ i with i = {x, y, z} are Pauli matrices acting on the sublattice space, and s z is a Pauli matrix acting on the spin space. For brevity of notation, below we set the lattice constant a = 1 unless otherwise specified. For this model, the band edges are located at the two points
, 0) and
, 0). By expanding the full Hamiltonian in Eq.(S15) around these two points to second order in momentum, the low-energy continuum Hamiltonian is given by H(q) = χ,s ⊕d χ,s (q) · τ with
where χ = +1 for K valley, χ = −1 for K ′ valley, s = +1 for up spin and s = −1 for down spin. For the energy spectra, we also keep the momentum to second order,
where m χ,s = −3 √ 3λ so χs + λ v , and η χ,s = 1 + 2 √ 3λ so m χ,s χs/t 2 . For this low-energy continuum Hamiltonian, we will consider t ≫ λ so , λ v so that η χ,s is always positive definite and the band edges are indeed located at the two points K and K ′ .
A short calculation reveals
Near the band edge, all higher order terms contained in O(q) can be safely neglected as q → 0. For frequency close to the band gap,
For the off-diagonal component, we find
Again, the terms contained in O(q) can be safely neglected near the band edge. Thus for frequency close to the band gap, We present the results from the full Hamiltonian and those from the low-energy continuum Hamiltonian in Fig.S1 for a comparison. In the figure, the solid lines refer to shift current tensors of the full Hamiltonian, and the dashed lines refer to shift current tensors of the low-energy continuum Hamiltonian under the same parameter condition, it is remarkable that although 3 /h. According to the band gap evolution in (a), the TPT takes place at λv = 0.32. Clearly, the band-edge shift current tensor reverses its sign across the TPT, confirming that the sign-reversal behavior of band-edge shift current tensor holds no matter whether the spin is conserved or not.
only leading order terms are kept for the shift current tensors of the low-energy continuum Hamiltonian, the results from the full Hamiltonian and those from the low-energy continuum Hamiltonian agree with each other very well in a considerably broad range.
III. SPIN NON-CONSERVING CASE
In this section, we demonstrate that the sign-reversal behavior of band-edge shift current tensor holds even when the spin in the Kane-Mele model no longer conserves. For concreteness, we introduce the Rashba spin-orbit coupling to break the spin conversation, which is given by
whered ij denotes the unit vector connecting i and j. Then the full Hamiltonian in momentum space becomes 
This rank-4 matrix can not be decomposed as the direct sum of two rank-2 matrices any more, so we have to use the general formula in Eq.(S1) and calculate the shift current tensor numerically. Meanwhile, as the Rashba spin-orbit coupling does not break the mirror symmetry about the k x = 0 plane, σ xxx and σ xyy still vanish identically. The numerical results are presented in Fig.S2 . Fig.S2(a) shows that the introduction of Rashba spin-orbit coupling will change the position of critical point. Fig.S2(b) demonstrates that the sign-reversal behavior of band-edge shift current holds even when the spin conservation is broken by the Rashba spin-orbit coupling. Because we find that σ yyy ≃ −σ yxx still holds, here only σ yyy is presented.
